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BCTYII

VY mnpakTukymi HaBEIEHO NPUKIAIA  OCHOBHHMX THIIIB TpaHUIllb, SKi
HalyacTilie 3yCTPidYaroTh CTYJEHTU B THUIOBUX pPO3PaxyHKax, a TakKOX Yy
NOAQIBIIIOMY TIPH JIOCTIPKEHHI Ha 30DKHICTh PSJIIB Ta HEBIACHUX 1HTETPAIiB.
BinnoBinHO, yMiHHS 004McCItOBaTH rpaHull (yHKUIN € (yHAaMEHTaIbHUM 1

000B’I3KOBUM JJIsI CTYJICHTIB.

[Tpu oOuuciieHHl TpaHUIlb CTYIEHTH YacTO POOISATh MOMUIIKH, IUTYTAI0UU
PO3KPUTTS. HEBU3HAYEHOCTEH pi3HOro BUAy. TomMy 3a MeTy y MNpakTUKyMi
aBTOpu oOOpajay ONucaTd B CTHUCIOMY BHIJISIAI  PO3KPUTTS OCHOBHUX
HEBU3HAYCHOCTEH, HABECTH OCHOBHI aJrOpUTMU OOYHMCIEHHS TpPaHULb Ta
CUCTEMATHU3YBAaTH B 3arajibHy TAaOJMII0 TUIIM TI'PaHULb, HEBU3HAYEHOCTI, iX

PO3KPHUTTS Ta IPUKIIAIH.



1 JEAKI TEOPETHYHI BI/IOMOCTI 3 TEOPII TPAHHUIIb

Koxnomy umciny ne€N pocraBumo y BiANOBiAHICTH AesKe ifiCHE YHCIO
x, =f (n) VY 1mpoMy BUNAAKY KaXyTh, IO 33JaHO YUCIO8Y NOCAIOOBHICMb 1
M03HAYaI0Th {xn}

O3navenns. Yucio a Ha3uBaETHCS epanuyero TOCI1A0BHOCTI {xn}, SKIIO TS

OyZAb-AIKOrO JI0IATHOTO YHCIIA ¢ 3HaiineThca HaTypaibHe unucio N Take, IO Ul

BCIX WICHIB IMOCIIJOBHOCTI {xn} 3 HOMEpaMu, 1o Outbill 32 N BUKOHYETHCS

HepiBHicTE M7 ~ a<z

Te, 1110 4KCIIO a € TpaHULIECIO OCTITOBHOCTI {xn}, 3aMUACYIOTh TaK:

limx, =a abo x, —>anpun — .

n—>0

SIK1110 MOCTIIOBHICTh MA€ TPAHMUIIIO, TO 11 HA3WBAIOTh 30iJCHOIO 1, SKIIIO HE
Ma€ TPaHUII, PO3DINCHOI

Bynp-sikuii iHTEpBaN BUAY (a —&a+ 8), ne € >0, Ha3UBAETBCA & -OKOJIOM

MOouKYU a Ha YUCJIOBIH OCl.

a-g a, a, a+e
a a a a a,

a, as 4 a,

Pucynok 1 — ImocTpariist rpynyBaHHS TOUOK B OKOJIi TOUKH ¢

3 reoMeTpUYHOI TOYKU 30pY, SKIIO YUCIO a € TPAHMIICIO MOCIITOBHOCTI

{x }, TO B JIOBUIBHMI & OKUI TOYKHM @ HOTPAIUIATH BCl YJIEHU IOCIIIOBHOCTI

n

{x }, OKpIM CKIHYEHHOI iX KUIBKOCTI (& MOXe OyTH SK 3aBrOJHO MajuM).

n

MoskHa cka3zaty, 010 YIeHH MOCIiJOBHOCTI {xn} IPYIYIOTHCS HABKOJIO TOYKH a

(puc. 1).

Hexaii Ha nesikiit MHOKHHI X 3amano QyHKIi0 f (x) 1 nesky. Bubepemo

3 X DOCHIIOBHICTH TOYOK {xn}, IO BIAPI3HAIOTBCSA Bl TOYKH A



Xi> X9 X3,..00X,,...  Hexall uucno a € epanuyero MOCIiAOBHICTb TOYOK {xn}

X, —>aTpun — oo,

3Haiinemo 3HaueHHs QyHKIil f (x) y TOYKaX IMOCII1JOBHOCTI {xn}

f (xl )’f (x2 )’ f (x3 )"“’f (xn )’ I1i 3HaYEeHHS YTBOPIOIOTH IOCIIIOBHICT

v

Osnavennsi. Yucino b Ha3uBaeTbes epanuyero Gyukyii | (x) y TOUIll X =a

(abo mpu x — a), KO A OyAb-sAKOi 301KHOT 0 @ MOCIIJIOBHOCTI 3HAYEHb
apryMEHTY X, BIIMIHHUX BIJ @, BIATMOBIJHA TMOCIIAOBHICTh 3HA4YeHb (DYHKIT

301iraeTepcs 40 uucia b.

Vix,}, x, #a,limx, =a = lim f(x,)=b.

n—>0 n—>0

[le o3HaueHHs HaA3WBAIOTh O3HAYCHHSIM 3a ['eifHe a00 O3HAYEHHSM TpaHUIIl
«MOBOIO ITOCJIITOBHOCTEN.

Osnavennsi. Yncino A Ha3MBa€ThCA TpPaHULECID (PYHKIIT y= f(x) OpH
X—>a, SKIO IJIA 6ym,—>11<0r0 &>0 iCHye 4uciIo J(¢)>0 Take, IO IIpU
O<|x—a|<5(5) BUKOHYETHCS HEPIBHICTH | f(x)—A|<g. Y upoMy BHNAIKY

3aMHUCYIOTh

lim f(x)=4.

xX—>a

O3navenHsi. YUucino 4 Ha3uBaeTbcs TpaHUIClo (QYHKIIT y=f(x) TpHU
x—>00, AKImo A Oyab-skoro £>0 icHye uumcio M(£)>0 Take, MO MOpHU
‘X‘>M (£) BUKOHYETHCS HEPIBHICTH ‘ f (x)—A‘<<9. Y upomMy BHOAIKY

3alUCYIOTh lim f(x)=4.

Jlamo o03HayeHHs JIBOL 1 mpaBoi TpaHull (QyHKIIT «MOBOIO

[IOCJTIJIOBHOCTEN.



Osnavennsi. Yuciao 4 Ha3UBAETbCA TPaHULCIO PYHKIIT f(x) IPU x — X,
311iBa, SIKIIO JJs1 TOCHIOBHOCTI  X,,X,...X,.., 3HA4€Hb AapryMeHTy Xx, IO
301ra€ThCsl 10 YUcCia x, 1 TaKUX, IO x, < x,, BIAMOBIIHA MOCIIJOBHICTh 3HAYEHb

byskuii f(x,), f(x,)...f(x,)..., 30Ira€Thcs A0 YUcna A4;.

[lo3HavaeThCs 1 TpaHULS CUMBOJIIYHO Tak: lim f(x)=4,,
0

)C*)XO—

Vxn:xn—)xoixn <x0:>f(xn)_>Al;

A00 1HaKIIE: I
4 = f(x,-0).

Osnauvennsi. Yucno A, Ha3MBaeThCs TpaHUlel0 (YHKLIT f(x) OpU x—> X,
crIpaBa, SIKIIO JJI JOBUIbHOI MOCHIIOBHOCTI X,,X,...X,..., 3HaU€Hb apryMEHTYy X,
0 301raeTpCcs 10 4YUCIa x, 1 TaKUX, IO x, >X,, BLANOBIJHA IOCIIIOBHICTh

3HaueHb QYHKLIT f(x,), f(x,)...f (x,)..., 30iraeTbcs 10 uncna A,.

[lo3HauaeTbcs 1151 I'paHunsA CHMBOJIIYHO TaK:

lim f(x)= 4,

X—>xy+0

Vx, 1x, >x,0ix,>x,= f(x,) > A4,;

A0o0 1HakKIIe: I
A, = f(x,+0).

Osnavennsi. Yucno b HasuBacthes 2panuyero Qyuxyii | (x) cnpasa B

TOYIN X = a, KO JJIsl OyIb-IKOTO SIK 3aBTOJHO MaJIOTO yucia £ >0 iCHye Take

JOJaTHE YHCIO O =5(8), Mo I BCIX X, SKI 3aJ0BOJIBHSAIOTH HEPIBHICTh

a<x<a+o [@—J& <x<a), BUKOHYETHCS HEPIBHICTD: ‘f(x)—b‘ <&.

INosHayatots rpanuio cpasa lim f(x) abo f(a+0).

x—a+0

Osnavenns. Yncno b HasuBacTbes epanuyero gynkyii f (x) cnpasa (31i6a)

B TOYIl X =a, SIKIIO A7 OyAb-SKOTO SIK 3aBFOJHO Mayoro yucna & >0 icHye

Take JOJaTHE YHCIIO0 O = 5(8), 11O JJIS BCIX X, K1 33J10BOJIBHSIIOTh HEPIBHICTh

a—38 < x<a, BAKOHYETbCSI HEPIBHICTh ‘ f (x) — b‘ <&.



CKOpOYEHO O3HAYCHHsI TPAHMII CIpaBa (3/1iBa) B TOUIl X=a, MOXHA

3aMHCATHU TaK: lim f(x) a6o f(a—0).

x—>a—0

Teopema. Jlnst Toro, mo6 y Touni x=a icHyBana rpaxuis ¢GyHkoii J (X)

HEOOXIAHO JOCTaTHBO, 100 iICHYyBaJIM JIiBa 1 IIpaBa IpaHulll 1 OyJau piBHI MiX

c00010;

lim f(x)= lim f(x)=b.

(x)
x—a—0 x—a+0

Ipuxnag. OOYUCINUTH NiBY 1 IpaBy TpaHUIl QYHKIIT

1

Yy==
e +1
O06YMCIMMO JIIBY TPaHUIIO QYHKITIT:
L . 1 1
llm ex—l — el—o—l — e—o — e—OO - = = O
x—1-0 e* o

OOuyucnuMo npaBy TPaHUIIO PYHKIIIT :

1 1

lim ex—l :el+0—1 =e
x—1+0

=1l
8

=e = Qo0

Sk 6aunmo, JiBa 1 mpaBa rpaHUIld (QYHKIT B TOUI MOXKYTh HE CIIBIaaTH.

2
x° =3
Mpukaan. O6uucuTy JiBY i paBy rpaHuui pymkuii V=" """
o x’ =3 . x*=3
lim =+00 lim -~
x>-1-0 x+1 x—>-1+0 x +1
9

Osnavennsi. Ynciio b Ha3uBaeThCs 2panuyero Gyuxyii | (x) pu X —> 0,

AKIIO A1 OyJb-sIKOTO SIK 3aBFOJHO Majioro uyucia & >0 iCHye Take IoJaTHe

yucio N, mo Ais BCIX X, K1 33JJ0BOJIbHAIOTH HEPIBHICTh ‘x‘ > N , BUKOHYETbHCS

HepiBHicTS | f(x)— 8| < £. 3anmcyiots: lim /(x)=b

PosrasaemMo neckinuenno éenuxi i HeCKiHYeHHO Mai YHKYIL.



Osznavennsi. OyHkifiss f(X) Ha3MBAECTBCS HECKIHUEHHO MAJIOI TIPH X —>d,
SIKIII0O BUKOHYETHCS PIBHICTD:
lim £ (x) =0.
v—a
[amamu cioBamu, GyHKIIS f(X) Hazusaemvcsi HECKIHUEHHO MAOI0 TIPH
X, IO MPSIMYE 10 a , SIKIIO U1 Oyab-sikoro € > 0 icHye yucio o (€) > 0 Take, 110
npu 0 <‘x — a‘< 0 (€) BUKOHYETBCS HEPIBHICTD: ‘ f (x)‘ <e.
O3HaveHHst. DyHKII @(X) HA3UBAETHCSA HECKIHYEHHO 6EIUKOIO0 TIPU X,
10 TPSIMY€E 70 a, Ko it Oyab-axoro N >0 icHye uucno 6(N) Take, 110 IpH
‘x — a‘< O(N) BUKOHYETHCSI HEPIBHICTb ‘a(x)‘ > N, 1e MOXXHa 3aIlicaTH TakK:
lima(x)=0oo.

xX—a

O3nauvenHs. Heckinuenno wmam ¢yHkmii o(x) 1 f(x) Ha3uBarOTHCS
HECKIHYEHHO MaJIMMU OJHOTO MOPSAKY MAJOCTI, SKIIO TPAHULA 1X BITHOIICHHS

im 2™ _c«o.

=5 B(x

Osnavennsi. Heckinuenno wmam ¢yHkmii «(x) i A(X)Ha3uBaroTh

) . akx)
CKBIBAJICHTHUMH, SKITO lim

= f(x)

= 1. Ix mo3HauaroTh Tak: a(x)~ B(x).

Tabnuys 1
Heckinyenno mMaJi (H. M.) i HeCKiHU€eHHO BeJIUKI (H. B.) MOCTiIOBHOCTI
Ta QyHKIii, 3B 30K MK HUMU

[TocaigoBHICTE OyHKIIIsA
[TocninoBHICTH {xn} Oyukiis  f (x) Ha3UBAETHCS
HA3UBAETBCS HECKIHYEHHO MANol, | HeCKiHueHHo — manoto  (QYHKIUEO
SKIIO (ckopoueHo H. M. ¢.) Tpu x —>a,
SIKIIIO
nli_r)rioxn:O. £i£2f(x):0.
[TocainoBHICTH {xn} Oyukiis  f (x) Ha3UBAETHCS
HA3UBAETHCSI HECKIHUCHHO BEJIUKOIO, | HECKIHUEHHO  8eaukoro  (DYHKIIIEIO
SKIIO (ckopoueHo H. B. ¢.) y Toulll x=a
npu X —> @, SKIIO:
lim x, =0,
o0 lim f'(x)=oo.
xX—>a

10



PosrnsHeMo neski BIacTUBOCTI H. M. 1 H. B. TIOCTIIOBHOCTEH 1 QyHKIIIN

Bnacmueicms 1. AnreOpaiuHa cyma CKIHUEHHOTO 4YHCJIa HECKIHYEHHO

MaJIiX MOCTIIOBHOCTEN € HECKIHUEHHO MaJIOH0.
Ve>0 3IAN=N(e), Vn>N: |x,+y,/<e< lim(x, +,)=0.
n—>0
Bnacmugicms 2. JIoOyTOK CKIHYEHHOTO 4YHCJA HECKIHYCHHO MajuX
MOCJTIIOBHOCTEHN € HECKIHYEHHO MaJIOIO.

Bnracmugicms 3. J[oOyTOK HECKIHUEHHO MaJiOi TIOCIIJOBHOCTI Ha

MOCTIIOBHICTh OOMEKEHY € HeCKIHYEHHO MaJIOI0 MOCI1IOBHICTIO.

VYc¢i nmepepaxoBaHi BHUIIE BIACTUBOCTI MAOTh MICIIE 1 JUISI HECKIHUCHHO MaJIuX

byHKIIIH.

HaBeneMo oCHOBHI exgiganenmnocmi PyHKITIH.

1. sina(x) ~ a(x); 9. it a(x) -1~ a(x)
: Pt
2. tga(x) ~ a(x);
10 .’{/ak+a(x)—a~Lx)‘

5 k‘ak_l 2
3.1— cosa(x)~(@) ;
11. a® —=a” ~ (a(x)—- f(x))Ina;
4. arctga(x)~a(x);
12. A+ a(x)" —1~a(x)-m;

5. arcsina(x)~o(x); a0, m.k=const

6. e"Y~a(x); 13. a“ =1~ a(x)Ina;

7. In[1+akx)] ~ax); 14, ea(x; - j)/f(x) ~ o(x)— Bx):
8. log [1+a(x)]~ a(x)log e;

15. a® —b" ~ a(x)Ina - B(x)Inb.
16. InU(x) ~U(x)—1

11



2 TEOPEMH ITPO T'PAHHI]I CYMH, IOBYTKY I YACTKH ® YHKI[IH

3 METOI pOBB’}IBaHHH JACAKHUX HHWXXYC HABCACHHUX HpI/IKJIaI[iB ImogamMo

BJIACTUBOCTI TPaHUIlh (DYHKITIH.
I'panuin GyHKIINA MarOTh Taki 61acmugocmi:

l. imC =C, ge C — KOoHCTaHTa,

xX—a

2. limCf(x)=Clim f(x), ne C — KOHCTaHTA.

3. SIkmio icHyroTh rpanuni lim f(x) Ta Img(x), To

xX—a xX—a

lim[ /(%) + g(x)]=lim /() + lim g (x).
4. SIxuio iCHYIOTh TpaHUII £1_I)1a‘l f(x) Ta £1_r)1;1 g(x), 1o
lim[ £ (x) g(6)] = lim £ (x)-lim g(x)
5. SIK110 iICHYIOTH TPaHUII £1_r)101 f(x) ta £1_r)ral g(x) , npuyomy 1{1_13 g(x)#0, 10

fy limf()

lim =224 .
e g(x)  limg(x)

6. Sxio icHytoTh rpanuni lim f(x) Tta lime(x), T0

lim ()

O =lim /)

Bu wacto Oyzaere 3ycTpiuatucs 3 TakuMu (popmyiiamMu. 3BepTaeMo Ha HUX

0co0JMBY yBary!

K K

lim =—
Sug)  limg(x)

= oo, KO limg(x)=0. K — KOHCTaHTa
X=X,

12



['panuug yacTku ABOX (YHKLIA HE ICHYE (IOPIBHIOE o), SKIIO TPAHUIIL

YHCeJIbHUKA ICHYE 1 BiaMiHHA Bif 0, a TpaHUIl 3HAMEHHUKA JTOPIBHIOE HYJIIO.

6) lim k__K =0, sAKko limg(x)=oo,

e g(x)  limg(x)

['panuis gacTku 1BoX (pyHKIIH nopiBHIOE (), SKIO TPAHUIS YHCEIHHUKA
ICHY€, a TPaHUIlsl 3HAMEHHUKA JIOPIBHIOE .
PosrnsiHeMo neski BaXJIMBI TpaHULl, SIKI Y MOJANBIIOMY JIOIMOMOXKYTh

py OOYKCIICHHI TPaHUILb.

3IEPIIA TA /IPYT'A UY/[OBI 'PAHUILII

Heobxioui 3nanns npo neputy 4y0o8y eparHuyto

. sin(x) _ "
['panwuirro }g}r&T =1 *)

HA3HUBAIOTh NEPULOIO UYO0B0I0 CPAHUYEIO.

... Sinx . )
3a3HaummMo, 1o rpaHullsd GyHKIT —— y To4Ill x =0 Ma€ HEeBU3HAYEHICTh
X

oo

fg x

—_

0 “rosx A B

PucyHnok 2

13



HoBenemo dopmymy (*). BizeMeMo KpyT 3 OMMHUYHUM pajiiycoMm (puc. 2)

1 MO3HAUMMO pafdianbHy Mipy Kyta COB uepe3 x. Hexaii O<x<%. 3anumemMo

CITIBBIJTHOIIEHHS M1 TUIOIIAMH TPUKYTHUKIB OMB , OCB Ta KPYyroBOI'O CEKTOpa

OMB :
<S

cekmopa OMB < SAOCB

SA OMB

a€ S s =%OB~AM =%sinx,

1
=—OM2-x=lx,
2 2

cexmopa OMB

:lOB-BC zltgx
2 2

SA OCB

1 . 1 1
TO —smnx<—x<—i1gx,
2 2

sin x
<1

< , (sinx>0) a00 cosx <
sinx cosx x

3BIJICH 1<
OCK1TbKH lil)lgcosle i lig%zl, TO 3a TCOPEMOIO NPO SPAHUYIO
X X

NPOMINCHOI (DyHKYIi 1CHY€E TPAHUILIS

) sin x

Iim = =1.
x—0+0 X

. . sin x sin(—x) sinx
Hexain tenep x < 0. @yHK1A f(x) =—— mnapHa: (=) = , TOMY
X —-X
) sin x
lim = =1.
x—0-0 X

llepury 6asxciusy epanuyio MHUPOKO BUKOPUCTOBYIOTH [IJISI OOYHCIICHHS
IPaHUIL BUpPA3iB, IO MICTATh TPUTOHOMETPUYHI (YHKINI. 3a J0MOMOTOIO

dbopmynu (*) MOXKHA TOBECTH TPAHMIIL:

1) lim S e 2y gim B s 3y gy AR
x>0 X x—0 X x—0 X

4) lim 28 _ - 5y fim 1m00sx 1
x—0 X x—0 X 2

PosrisHeMo npukIitany Ha 3aCTOCYBaHHS MIEPIIOT Ty I0BOT TPAHUIL.

Ilpuxknao. limw :
x—0 X

14



Po3ze’s3annsa. Maemo

. 1-cosx 0 . (I-cosx)(l+cosx) .. sin® x
lim———=—=1im > =lm-— =
>0y 0 0  x“(14+cosx) x>0 x“ (14 cos x)
—lim(EE 2 i oy L]

=00 x x>0]+cosx E 2
Biamosins: %
. X
Ilpuknao. }Cl_l’)l’zl(x -2)tg T

Po3z6’a3anns. Maemo HeBu3HA4eHICTH (0-0 ). Hexait x—2=¢;

npu x -2, t—0. Toni

. TX .. r2+8) . T A
M =2)ig ==l g === limr g+ =
. 7t . tcos? ot 4 747 4
:hn(}t(—ctg—):—hn(} :—hn(} " =——-hn(} S=——.
” 4 % sin L “PsinZt 7 gin Tt 7
4 4 4

Heobxioui 3nanns npo opyey eaiciusy epaHuyro
pyeoro eadiciueoro epanuyero Ha3UBAIOTh TPAHUIIIO
. 1.,
lim(l+—)" =e.
X—>0 x
3azHaunmo, 1o 18 GopMmysa CHpaBeiuBa SIK MPU x — +oo, TaK 1 MPHU

x ——oo. I'padix pynkmii y=(1 +l)x 300paxeHo Ha puc. 3.
X

A
Y

Pucynok 3

15



BukonaBmm y dopmym (**) 3amiHy l=t, nicranemMo  gopmyny
X

1
lirr(}(l +1)' = e, Ky TaKOXX Ha3UBAIOTb OPY20I0 BANCIUBOIO SPAHULEIO.
t—

Yucno e — TpaHCIEHACHTHE 4YHCIIO, HOro HaHOIMXK4Ye 3HAYCHHS 3
TOYHICTIO 10 10" mopiBHIOE 2,718281828459045.

Jlpyra BaykKJIMBa TPaHHUIIS MTOB’ s13aHA 3 HEBU3HAYCHICTIO 1° (1€ HE OTUHUIIA
B SKOMYCh KOHKPETHOMY CTEICHI, a CHUMBOJ IS CKOPOYEHOrO ITO3HAYCHHS
rpaHuIli Bupasy u(x)", ne u(x) -1, v(x) — o, AKIIO X —> X, ).

Hacnigku 3 npyroi 4y0BOi rpaHuIli:

1) 1im(1+5)" =¢'

X—>0 X

(1+x)* -1

2) 2)1in(} =log, e;
3 3)lim Lo ina;
x—0 X
1+k

4) lim(—) =k ;.
x—0 X
[Ipu a =e dopmynu 2) 1 3) HaOyBarOTh BUTIISIAY:

5) lim In(1+ x) _

x—0 X

1;

X

e“—lzl

6) lim

x—0 X

Mpuknan. limlog,,, (1+x?)

Po3zé’az3annsn. Maemo

: . In(1+x%) 0, .. In(1+x?)
lim] 1+x?) =lim———"2=(2)=1 =
5 0Zeos:(1+7) 50 Incos2x 00 o0 In(1-2sin? x)

In(1+x?) 2

, 2 ) x? 1

=lim L =lim————=——

>0 In(1-2sin” x) (~2sin? x) —0-2¢in"x 2
—2sin’ x

BinnoBigb: —% )

16



[lepeiiniMo 10 Oe3mocepeAHHOr0 OOYHCICHHS TPaHHIlb, PO3TIISTHYBIIU

OCHOBHI THIOB1 HEBU3HAYEHOCTI, 1110 3yCTPI4aIOTHCS MPH iX PO3B’SI3aHHI.

4 OBYHCJIEHHA I'PAHHIIb ®YHKIIH

[Tepeitnemo mo Oe3mocepeHLOTO OOYMCIECHHS rpaHulls GyHkimi. [Ipu
OOYHCIIEHH] TpPaHULb MOXHA 3yCTPITUCS 3 PI3SHUMH BUMAAKAMHU, SKI MH

J€TaTbHO PO3TIISTHEMO Y IIbOMY PO3JILII.
4.1 Obuucnenns cpanuyb, W0 He MICMAMb HEGU3HAYEHOCHII,

s oOumciieHHs: TpaHulli (QyHKINI, 32 YMOBH, KOJU 3MiHHA IPAMYE 10
KOHCTaHTH, HEOOX1AHO y BUpa3, IO MICTUTHCS MiJ 3HAKOM I'PAHMIIL, M1ICTABUTH

3HA4YCHHA KOHCTAaHTH:

Ilpuknao . 1irr21(5x3 +x—4).

Po3zé’azanns

Bukopucraemo BnactTuBocTi rpanuils GyHkiii (1), (2), (3), orpumaemo
lim5x° =5limx* =5-2°=5-8=40;

x—2 x—2

limx=2; lim4=4; 1irr21(5x3 +x—4)=40+2—4=38.

x—2 x—2 X

2
Hpuxnao. lim%erl
=1 x"+3

Buxopucraemo BnacTuBicTsb (95).

X +x+1 1+1+41 3

lim—; —.
=l x7 43 1+3 4

o« o0 .
4.2 Po3kpummsa Heeu3HA4EeHOCMel muny <—:,(AKuo ni0 3HAKOM
o0
m

(x)

O (x)

cpanuyi cmoims Opo6oeo-payionHaIbHa QyHKyin » 0er(x) ; 0,(x) _
MHO204]1eHU)

-1
P,(xX)=puX" + Py X"+t pix+ pys

17



0,(x) = ¢,x" +q, X" +..+qx+q,» (AKIIO X —> 00),

Heobxiono xooicen 0o0anox uucenbHuKa i 3HAMEeHHUKA NOOLIUMU HA 3MIHH) 8

HAUOIbULOMY NOKAZHUKY CMENeHs.

3 2
Ilpuknao. lim al ?x
o 9xT —4

Po3zeé’a3anns

[TomiIMMO YHMCENBHMK 1 3HAMEHHHK APOO0Y Ha x°

-7

lim(1-4—

X—>0

X

8PAX08YIOUU , O

X—>0 9x3 -4 X—>0

Ilpuknao. limxz—+9.
e Tx" 14

Po3ze’si3annus

[TominmMo YKCeNbHUK 1 3HAMEHHUK JIpo0y HA x’

X

3

x .9
2 2

lim x2+9 = lim* X
e 7xt—14 o _x* 14
?_T

3

. +x+10
Ipuknao. hm%

X—>0 X +9

Po3ze’sazannua

3
4
3
X

lim(9 -

X—>0

x3

[TominMMo YKCENbHUK 1 3HAMEHHHK ApOOy Ha x’

X +x
) x3+x+10_1 X
X—®© X2+9 _x—>w x2
73_’_
X

18
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)

npu X — o0
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Pm(x)

[Tpu oGuucClieHH] rpaHUlb APOOOBO-PAIIOHATIBHUX BUPA3iB ( MOXe OyTH
2 (X
NIEK1JIbKA BUITAJKIB:
a) AKWo m>n, mo hmP( X) =0
X—>0 Q (X)
0) akwo m<n, mo lim—""-~ £ (%) =0,
X—®0 Q (x)
. P(x ..
8) AKWoO m=n, mo llmﬁ:&, O0epeMo KoeQILiEHTH TpHU

e (X)) q,

HCBiI[OMI/IX 3 OJHAKOBHMH ITOKAa3HHKaMH CTCIICHA.

POBKpI/ITTH HEBU3HAUYCHOCTEH BKa3aHOIO TUIIY MOXHA IIPOBOOAUTH

3aCTOCYBAaBIIW 3aMiHy MHOT'OUYJIEHA Ha €KBIBAJICHTHUM, TOOTO

D X"+t px+ py~ px",
(1)
q, X"+t gx+q,~q,x"

2)

3 2
Ilpuknao. hm$.
e 3yt —4

Po3zé’a3anus.

3actocyemo popmynu (1) 1 (2) 10 ynucenpbHUKA 1 3HAMEHHUKA IPO0y:

. X =50 -7 =5 -7~ ox 1
lim————= =lim—=—.
oo 3xT —4 3x’ =4 ~3x’, x > 0| ~*3x" 3

2
Ilpuknao. limwlw.
e [ 16x” +7x+3

3actocyemo popmynu (1)1 (2) g0 ynucenbHUKA 1 3HAMEHHUKA IPO0Y:

19



. 9x? 3
=lim - =—.
e | 8x 4

9x? —x+1~9x?

16x* +7x+3=~3

. Ox? +4x+1
hmwjz— =
oo 16x" +7x+3

m
hum_(x): lim Zm* _ _ i £m — Pm

X—w Qn (X) X—w qum x50 Gm  4m

4.3 Poskpumms nesusnauenocmeii muny {»-o|

a) Axwo eupas, wo 3HAXOOUMbCS NI0 3HAKOM 2paHuyi, MAae 6u2iso

F,(x)=0,(x)

Ilpuknao. lim(

X—>0

2x* +3x-15 ]
e Ay 3V
x—4

Po3zé’a3anns.

2 J—
hm(w_zx)

X—>00 _x_4
TyT MH MaeMO HEBHM3HAYEHICTh THILy f{oo—ocof. [ TOro, mo6 mepeTn 1o

. 0 .
HCBHU3HAYCHOCTI1 {—} , 3BCACMO O CIIUIBHOI'O 3HAMCHHHKA BHPA3H, 1o
o0

3HAXOJATHCS 1] 3HAKOM T'paHuill. OTpuMaeMo:

I1lIx—=15~11x,x > © i 11x 11
=m -—=—-..
2x—3~2x,x > xoo Qx5

X0 2x -3 o0 Dx —3 0

o 2x% +3x—-15-2x+8x . 1llx-15 o
lim =1lim =J =0

4.3 Po3kpumms HegusHaueHocmeii muny {o— x|

0) 3 ippayionanvHumu supazamu nio 3HaKkom epanuyi (x — )

JIis pO3KpUTTS TAaKUX HEBU3HAYEHOCTEN MOTPIOHO MOMHOXKUTH YUCEIBHUK
1 3HAMEHHUK BHUpa3y, 110 3HAXOAMUTHCS 1] 3HAKOM TPaHHUII, Ha CHPSHKEHHM

BUpa3s.

Ipuknao lim(x/x2 +3x+8 —x? —5x+7).

X—>0

20



Po36’s3anns. TIoMHOKMMO YUCENBHUK 1 3HAMEHHUK BUPAa3y, 10 3HAXOAUTHCS
miJ 3HaKOM TpaHMIll, Ha COpsDKEHUH BHpa3. byaemMo BBaXUTH, 110 3HAMEHHUK

OJJUHUIIA.

)lci_r)lgo(\/xz +3X+8—\/X2 —5x+7):

_lim (x/x2 +3x+8—\/x2 —5x+7)(\/x2 +3x+8+x2 —5x+7)
e V2 +3x+8 +4x2 =5x+7

o (x?+3x+8)—(x*=5x+7
=lim

=0 X2 4 3x+8+4/x2 —5x+7 -

=| — ||00 yucenvruka i 3HaAMeHHUKa |=
Q0

= lim
=0 X2 4 3x+8++/x2 —5x+7

3acmocyemo gopmyau(l) i (2)
8x+1 _ {oo
niO2PAHUYHO20 UPA3Y

) 8x 8
=lim————=

e 2

Ipuxnao. lim(\/x2 +3+4/x7 - 1).

X—>0

Poszgé’sizanns. Y 1pbOMy BHIIAJKy OTPUMAEMO CyMy JIBOX HECKIHYEHHOCTEU

{o0+ 0}, a TOMy HEBU3HAUEHOCTI HE Oy €.

lim(\/x2 +3 +\/x2—1):oo+oo:oo,

X—>0

. 0 .
4.4 Po3kpummsa HeeusHaAueHOCmell muny {6 npu x — a, nio 3HAKOM

. . . P (x)
Zpanuui 3Haxo0umscs Opo608o-pauionalbHull eupaz —"-—— .

0, (x)

. 0 .
[Ilo6 po3KpUTH HEBU3HAYEHICTH {6} NOTPIOHO Yy YHUCEIbHUKY Ta

3HAMEHHUKY Jpo0y, M0 3HAXOIUTHLCS 1] 3HAKOM TPaHUIIl, BUIITUTH MHOKHUK

(x—a).

Haituacrime mjst BUIUIEHHS MHOKHHUKA (X —d) YUCEIbHHUK 1 3HAMEHHHUK

ApoOy AIISTH KyTOM HAa MHOXHHK (X —a).
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3a Teopemoro besy, KO MmpW MiICTaHOBII Y MHOTOYJIEH KOHCTaHTHU d,
MHOTOYJICH TEPETBOPIOETHCS B HYJb, TO 1€ MHOTOWICH PO3KIANAEThCS Ha

MHOHHKH, Cepe/l SKMX 000B’A3K0BO Oy/1e¢ MPUCYTHIN MHOXKHUK (X —a).

SKIm0 YWCeTBbHUK YW 3HAMEHHUK  JpOOOBO-paIliOHATBHOTO  BHpazy €
KBQIpPATUYHUM TPUWICHOM, TO HOr0 MOXHA PO3KJIACTU HAa MHOXKHUKH 3a
bopmyIioro:

ax® +bx+c=a(x—x,)(x—x,) (3)

Jie X, ma X, — KOpeHi KBaJpaTHOTO TPUUJICHA.

3, .2 _
Ipuxknao. limerzx—H3
=1 9y —8x -1

. 0 .
Po3é’a3annsa. MaemMo HEBU3HAYECHICTh BHUIY {6 . Ockinpku x =1 € KOpeHem

MHOTOYJIEHIB, 10 CTOSATh B YHMCEJIBHUKY 1 3HAMEHHUKY, TO 3a TeopeMoro besy
BOHU pO3KJIAJAIOThCSl HA MHOXKHUKH, Cepell SKMX OOOB’S3KOBO MPHUCYTHIM

MuOXKHHK (x —1).
Y 4HCeNTbHUKY BUKOHAEMO AiTeHHs X° +x° +x—3 Ha (x—1) y croBmunk:

X +xt+x-3 ‘x—l

x'—x? ‘x2+2x+3
2x% +x-3
2x* =2x , TOAl x3+x2+x—3=(x—1)-(x2+2x+3).
3x—
3x-3
0

9x* —8x—1 po3KiIaTaeThCS HA MHOKHHKH 32 (GopMyIoro (3):
1
9(x—1)(x+§) =(x—1)9x +1).

2 2
Maemo lim(x_l)(x +2x+3):th2x+3:£:3
ol (x=1)09x+1)  x51 9x+1 10 5
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. 0
4.5 Po3kpummsa neeusnauenocmei muny {6} npu X =>4, grumo nio

3HAKOM 2PAHUUi MICmAmMbCA HECKIHYEeHHO mani @yHKuyii (3acmocyeanns

maoauyi exeigareHmHux QyHKyii)-

Ilpuxknao.
| A 1—cos4x =2sin” 2x ~ 2(2x)* =8x%, x >0 & 8
lim——>2"  _lsinSx~5x, x—>0 = lim—— =" =4
x>0 g1n Sx - arcsinx ) =05y x 2
arcsink ~x, x —>0
Ilpuknao.

7" -1~x-In7,x—>0 . x-In7 In7
=1lim =—

In(1-10x)~-10x,x >0 =0 —10x 10

AR {0}
Im———=|—|=
=0 In(1-10x) |0

2x

Ipuknao. Jlosectn, mo npu x —0 H. M. € —e’* i sin2x—sinx 6yayTh

€KBIBAJICHTHUMH.
Po3é’azannn. 3HaiieMo rpaHULIO BITHOMICHHS WX (DYHKIIIH.

pu x — 0

e —1~x,

3x 2x 2x( x 2x
1imL:[9}=nm e le -1 :H:Sh’Lf’ = limS—Y =1,

-0gin2x—sinx |0| =0, . x 3x |0
2smgcos7

3x
cos— — 0,

2
Otxe, 3a 0O3HAYEHHSIM 111 BEJIMYMHU €KBIBAJICHTHI.

. 0
4.6 Po3kpummsa HeeusHaueHoCcmeil Muny {6} npu X —> a4, gxuwo nio
3HAKOM 2PAHUYi Micmamoca ippayioHanvHi 6Upasu.

Takoro THUITY FpaHI/IIIi PO3KPHUBAKOTH IMIJIXOM OOMHOXCHHA YHCCIIbHUKA 1

3HaMEHHUKa Jpo0y Ha CHOpSHKEHUH BUpa3, A0 BHUpa3y, IO MICTHUTb

1ppalioOHaIbHICTb. -
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Ilpuknao. lim
P 2 \J4x +8 —/x+14

0

V3x+10 —y/2x +12 ={o}

) . 0 - .
Po36¢’si3anns. Maemo HEBU3HAYEHICTH Bnny{E}. JIns 11 pO3KPUTTS MOTPIOHO

3BUIBHUTHUCS BiJl 1ppalllOHATBLHOCTI Y YHCEJNBHHUKY Ta 3HAMEHHUKY. 3 €0
METOK  TIOMHOXKMMO  YHCETbHHUK 1 3HaMEHHMK Japo0y Ha  BHUpa3
(V3x+10 +/2x +12)(+/4x + 8 + /x +14). MaeMmo:

V3x+10 —+/2x+12
lim =
=2 J4x+8 —+/x+14

i (V3x+10 —v2x +12)(3x +10 +V2x + 12)(V4x +8 +Jx +14) _
2 (JAx+8 —x +14)(W4x + 8 + Vx +14)(V3x +10 +/2x +12)

i (Bx+10-2x—12)(W4x+8 ++/x +14) _
2 (4x +8—x —14)(3x +10 +4/2x +12)

(x-2)(4x+8+x+14) _
2 (3x = 6)(\3x +10 +/2x +12)

1., Jax+8++x+14 14+4 1
=—lim =— =—.
3502 3x+10 +4/2x+12 34+4 3

4.7 Po3kpumms HeeU3HaAUeHOCmell muny {0-00} npu x —a

[[{06 pO3KPHTH HeBHM3HAYeHiCTh THIY {0-00}, i B3BOAATH MLIIXOM

o 0 0
eJIEMEHTAPHUX TIEPETBOPEHB 10 HEBU3HAYCHOCTEH THITY {6} abo {—}
0

Ilpuxknao. lim(l—x)'tg% ={0-o0}.

x—1

, : . 0
Po3é¢’siz3annsa. 1lepeTBOpUMO HEBU3HAYEHICTh {O-OO} Y HEBU3HAYECHICTh {6} 3a

JIOTIOMOTOF0 €JIEMEHTAaPHUX NEPETBOPEHbD.

.o 1—-x 0 ) 1-x ) 1-x
lim =J— :11rr11 :11n11 p= =
X—> T X X—>
s to] =22 te—(1—x
&5 g(z 2} g5 (1-%)

tgf(l—x)~£(1—x),1—x—>0‘:nm1_—x=3.
2 2 V4

x—1 722-(1__)(:)
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4.8 Poskpumms nesusnauenocmeii muny {o—of npu X —a  gxwo nio

3HAKOM 2PaHUyi Micmumauca ao2apudmiuna Qynxkuis

s pO3KpUTTSA Takoro poAy HEBU3HAYEHOCTEM iX 3BOJSTH CIOYATKY MO

HEBU3HAYCHOCTCH THILY {O'OO} IUIAXOM €JIEMCHTApHUX IICPETBOPCHb Ta

BJIACTUBOCTEN  Jorapudmiuamx  (QyHKIIH, a TOTIM  MepexonsrTh [0

o0
HEBU3HAUEHOCTEN THITY {5} abo {g}

Yacto mnpu 0OYMCICHHI TpaHUIb HEOOXITHO OyJae 3acCTOCOBYBATH
BJIacTUBOCTI Jiorapudmis. HaBezieMo OCHOBHI 3 HUX:

BnactuBocTi norapudmis

1 log,1=0 log , x=l10gax (peR)
6. p
y log,a=1
. 1
1 _ | logax:M(b>O,b¢1)
3. log, xy=log, x+log, y 7. log, a
10ga£:10gax—10gay 8. a" =b
4, Y

5 loga xp = ploga X (p € R)

Ilpuknao. lim(x+1 1)-[1n(x+4)—ln(x—2)] ={o0—o0}.

X—>00

Po36’a3anns. Bukopucraemo BIIacTUBOCTI JorapudMiB

tim (x+ 1)+ 4)- In(x—2)] = lim {(Hn).m%} ~fo-0)=

lim (x +1 1){111[1 . ﬂ =
X—>+0 x—2

6 6
=n1+—— |~ , X —> 0
X-2 2

X —

~lim(x+11)—2 = 6lim 21—
X—®© x—-2 x>0y — 1

Tlooinuswu yucenbHUK i 3HAMEHHUK NIOCPAHUYHO202 BUPA3Y 6 1 6
HA X OMPUMAEMO 1

25



4.9 Po3kpummsa HeeU3HAYeHOCMI Muny {lw} 3 GUKOPUCMAHHAM OpYy20i

6aXCIUBOT 2paHuyi

lim(1+-) = e
X—>0 X

*)

1

lim (1+ a(x))«t) =e, (**)

a(x)-0

mym Ot(x) 008INbHA H. M. (DYHKYIA

Ilpuxnao. lim( al ) :
o\ x4+ 2

Po3ze’azannsa. Cnoci6 I. MaeMo HEBU3HAYEHICTH {1‘”}. BukoHaeMo TOTOXHI

MePETBOPEHHS, SIKI MPUBEAYTh TpaHuIlio 10 Buay (*). Jomamo 1 BigHiMemo 1 B

OCHOBI BUPa3y, 1110 MICTUTHCS I11]1 3HAKOM T'PaHUIIL.

. x \ X o 2\
lim =lim| 1+ -1 =lim| 1+ =
oo\ X+ 2 x>0 x+2 x>0 x+2

NOKA3HUK

-2
cmenetsi OOMHONCUMO 2 ™

: -2 -2
=| cnouamky Ha =lim (1 +
X x+2
x+2

a nomim Ha
2 2

2
x+2

Bupas, mo 3HaX0auThCA Y KBaJpaTHUX AYXKKaX, MPUBEIECHO 10 BUIY (*),

x+2

-2
j =e. Ortxke,

Ie a(x): ~2 —>0 mpm x—>o, TOMY lim(1+

x+2 = x+2

OTPUMAEMO:
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X -2 -2x -2
. X . T . - B )
Iim =lime*? =lime * =e! =¢e".
X—>00 x +

X—>0 X—>0

2x

Ipuknao. lim(5—-2x)x2.

x—2

Po3zs’szanusa. Cnoci6 1. MaeMo HEBU3HAYEHICTH {l“’}. BukoHaeMo TOTOXHI

NEPETBOPEHHS, K1 IPUBEAYTh IPAHULIIO 10 BUIY (**).
3po06iMo 3amiHy:

x=2=t, npux—>2, t—>0,

x=t+2
2x 2(1+2) 2t+4
lim(S — 2x)x—2 =lim(5-2(¢+2))"**2? =lim(1-2¢) * . Iloka3sHWK  cTeneHs
x—2 t—0 t—0
1 2144 —2-(21+4) tlgr(l)(—2(2t+4))
o ——= lim(1-2¢) ' =lim(1-2¢) 2> =e =-8
JTOMHOKHMO Ha -2 1Ha 2 -0 =0

Cnocio 11.

' B 20 2 n(5-2x) 4 lim FE722)
lim (5 - 2X)x—2 =lime x=2 lim ex_z Lo s _
X2 x—2 x—2

. 4-2x L 2(x-2)
_J(4-2x)>0 npu x—>2 :64’}1312"_2 284,11_15 x=2 _ 8%
In(1+(4-2x))~4-2x
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5 KJIACU®IKALIIA OCHOBHHX HEBHU3HAYEHOCTEH
IIPH PO3KPUTTI TPAHHIIb TA IIVIIXH IX PO3B’A3AHHA

Ymoea x—a

Tabnuys 2
Buznao epanuyi Memoo po3e’azannsn Ilpuknao
lim P, (x) 3aMicTh 3MIHHOI B ITiIrpaHMYHAIH lin21x3 -3x+1=
X—a X
P (x)= BUpa3 MiJICTABJISIEMO 3HAYCHHS, J10 =23_3.241=
=8-6+1=3

SKOTO TPSIMY€E 3MiHHA X

lim P, (x) = P (a)

lim—P"‘ ) = {9}
a0 (x) 10

Maemo

HEBU3HAYEHICTh

o

VY uncenbHUKY 1 3HAMEHHUKY Jpo0y
BHJIUIIEMO MHOXHHUK X-. J{JIst 1IbOTO
MOJKHA 3aCTOCYBATU OJHY 13 popmyIt:

ax’ +bx+c=a(x—x)(x—x,)
JIe X; 1 X, — KOPEHI KBaIpaTHOTO
piBHSAHHS ax’ +bx+c=0
a’ —b’> =(a—b)a+b)
a’—b’ =(a—-b)a’ +ab+b*)
a’+b’ =(a+b)a* =ab+b?)

[ToTim yMCeNpHUK 1 3HAMEHHUK TpO0y

CKOPOUYY€EMO Ha X-a

P.()
. P.(x) 9 —lim X —a _
£35‘Qm(x>’{o} b 00
xXxX—a
P, (x)

=1lim

T Qm—l (x)

SIKIo mics mijeHHs 3HOBY

0

0
(>
OTPUMAEMO HEBU3HAUYEHICTh
TO 3HOBY BHIUIIEMO Y YHCEIIBHUKY 1

3HAMEHHUKY X-a i 3[IHCHIOEMO
JIiJIEHHS Ha

xX-a

. x -8 {0}

lim =q—r=

=2 x—2 0

(x—2)(x> +2x+4) B
(x—=2)

=lim
x—2

=12
Po3zknanu Ha enemeHTapHI
MHOKHUKH 1 CKOPOTHIJIH Ha
x-2
. x*=7x+10 {0
lim—————=1—t=
=2 x” —8x+12 0
N CanlC ) ST
2 (x=2)(x—6)
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hm& =
x—a g( x)

ot

HECKIHYEHHO MaJIUX

BinHomeHHs

¢GyHKIiA(H. M. §)

3acTOCOBYEMO TaOIHIIIO
€KBIBaJIEHTHOCTEN 11 HECKIHYEHHO

Maux QyHKIIH

sina(x) ~ a(x)

I—cosa(x)~ —(a(;))
tg a(x) ~ a(x)
arctg a(x) ~ a(x)

arcsin a(x) ~ a(x)

8 -1 10
S5x _{6}

= {8" =~ xIn8} =

=limxln8 :1n_8

x>0 S5x 5

lim
x—0

Ymoea x—a

pizHUIIIO (CyMy)
TPUTOHOMETPUIHUX

byHKIiH

N b —1~a(x)Inb
;L " —1~a(x)
S log, (1+ a(x)) ~ a(x)log, e
S In(l + a(x)) ~ ()
§ (1+a(x) —1~b-a(x)
. S(x)—p(x) _[0] 3acrocoByemo oxHy 13 hopmyt limsinle—sin4x _Jol_
xglal g(x) B 6 o Y x>0 sin2x 0
_ sinx +sin y = 2sin Y cosT Y 10x+4x . 10x—4x
BignomenHus 2 (2cos sin )
= lim 2 .
. . . X+y . X—=y x>0 sin2x
HECKIHYCHHO MaIUX | SInX —SIny = 2.¢cos .sin 5 5 eosTsinie
= lim 2522 Y
byHKLiH (H. M. ) X+y x—y =0 sin2x
COSx+Cosy =2cos - COS 3acmocyemo mabauyio
Bupas nix suaxom 2 2 B eKgisanennuux QyHKyiu B
_ g xX+y . x—-Yy
IPaHuIli MiCTUTh COSX—C0Sy =—s5In -sin 5 [lm2eesTx3x 23,
0 2x 2
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lim P (x) UricenbHUK 1 3HAMEHHUK JpO0y fim 2% +x—4 _
o) (x) JUTMMO Ha 3MiHHY B HAaHOUTBIIIOMY xo0 7xS 4 x =2 B
MOKa3HUKY CTETCHS YUCETIbHUK |
['panuus
3HAMEHHUK
BITHOILLIEHHS Pk (x ) = : =
. o O0poby Oinumo
Q | MHOTOUsIEHIB lim AKWO
i X Q (x) om Ha x>
2l (w0 x* 1 4
S| | e
$ =lim——% =
§ P (X) X—>00 7 1 2
2
lim AKWYO XX
5o Q (x) 1 4
" m>k lim2+———
X X X 3 _ 2
L 1 2,
lim(7+——— /
X0 X X
)1(1_{2(1319 (x)-0,( x)) 3B0AMMO APOOHU [0 CIIILHOTO . x> +3x32
mf|{—s——X
MAEMO 3HAMCHHUKA. ool X241 )
HEBU3HAYCHICTh lim P ( X)
im
o0 — 00 X—>00 . 21 2 2
8| 0, () i 2127 =22
1 x> 3x
: ITpu YoMy MOKE YTBOPUTHUCS i 21x2 = 2x = 21x2 ~
2 HEBU3HAYCHICTh e 3x -
= 2
> lim(~ —) =
e 3
THITY < —
o0
lim( m _ @ JIOMHOXXY€EMO 1 TIJIMMO Ha CHPSKSHUMA 1233(«/x—2—,/x+4 =
o BUpa3 =lo-o}=
9 i Wx=2-x+4Hx- h/ﬁ
X x=2+x+4)
! (RO @GR@ o) T
M [P.(x) +/0, () =li 17"
a aeEMO x—)co P (x) + Qk(‘x xgg(m+m {OO}
§ HEBU3HAYCHICTh
> 00—00
TUITY
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Ymoea x—o

lim £ (x)*®

HeBusHaueHicts

TUITY

i

3acTOCOBYEMO MPABUIIO APYTol

YyJIOBOi TPaHMUIII

hn{l+1) =e
X—>00 n

C(3x-1Y" . (3x+2-3)"
hm( ) i (_j
e\ 3x + 2 oo\ 3x+2
3 x=3
=lim(l— j =
x>0 3x+2

. 3x—
lim (—
— elgll( 3x+2) — e’I
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6 MOJEJIIOBAHHA ITPODECIHHOI I/ TbHOCTI IHKEHEPA

PosrnsHemo nexinpka 3a/1a4u 1HKEHEPHOT0 XapakTepy.
3aBnanHs. MartepiaibHa TOYKa KOJMBAEThCA IO KOJIy OIS CBOTO
CCpEAHBOI0O ITOJIOKCHHSA 32 3aKOHOM x = A-e* -sinw-t, ne (4,k,o>0). 3HaAUOITH

limx.

t—00

llepeghopmynioiime ymogy 3a80anHsL MaAMeMAMUYHOIO MOGOI0. 3HANIITH

rpaHuIio QyHKIIT lim A-e ' sinw-¢ 32 monomororo CKM.
t—o0

Bignoiap: limx =0 — KoJIuBaHHS 3aTyXaroui.

t—0
3aBaanns Po3paxyHok poOodoro kojeca TypOIHM TNPUBOIUTH 10

piBHSIHHAIn y =k -x* +Iny,, 1€ y — TOBIIMHA KOJieca Ha BIJCTaHI x BiJI OCi

o0epTaHHs, y, — 3HAYEHHS y pU x = 0 . 3HANUITH lim -~

x—0 yo

llepechopmynioiime  ymo8y  3a60aHHsi ~ MAMEMAMUYHOIO  MOBOIO.

Cropucmatimecs OCHOBHOIO J102APUPHMIUHOI0 MOMOACHICMIO ma
earacmueocmAmu CmenenA 05l BUPAIICEHHA 8IOHOUICHHS A .

Yo
y= esz-szrlnyO — e—k2 X2 . elnyo — e—kz-x2 Y, -

3natidimo epanuyto GyHrKyii lim ¢ 3a gomomororo CKM.
x>

Biamosins: lim-L =1,

x—0 yo

3aBaanHs. Bucora 4YacTMHM BEPTUKAIBHOTO CTPYMEHS (OHTaHy

H

HAOIMKEHO BHUPAXKAETHCS (POPMYIIOIO h:ﬁ’ ne H — BeIWYMHA HAropy
+o-

BOAM B Hacagkax (y MeTpax BOASHOIO CTOBIA), ¢ — KOE(QIUIEHT, IO

BU3HAYAETHCS JIIaMEeTPOM d (MM) BHXIJTHOTO TIEpepi3y HACaIKH.

[ToOynyiiTe rpadiku 3a1€XHOCTI A(H) NPU PI3HUX 3HAYEHHA ¢ ¢ =0,023,
»=0,009, ¢=0,004; JOCIIIITh Ta MOPIBHSANUTE MOBEAIHKY BIAMOBITHUX (YHKIIIH.

Llepepopmymotime 3a0auy mamemamuyHor) MO80, MOOMO 3HAUIMb

lim " 3a oonomozoro CKM.
H—w 1 + ¢ . H
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3unauenns yier epaduyl — 6KA3yY€ HA ICHYB6AHHA 2OPU3OHMANbLHOL
%

acumnmomu h = 1 (mpu ¢ =0,23, h=43,48, TOOTO HEOOX1HO TOOYAYBATH JIHIIO
Q

y(x)=43,48). [lna iumepnpemayii pe3yibmamié NOPIGHAHHA OMPUMAHUX
3anexcnocmeti nobyoyiume 3a oonomozor I3 epagiku 3anedxcnocmeti npu
PI3HUX 3HAYEHHAX ¢, 3 ypaxyBaHHSAM TOrO, IO 3a 3MICTOM 3aJadl 7 OOMEKEHO
BiJIpi3KOM [0; H].

BinnoBias: mpu 301UIbIIEHH] ¢ BHUCOTA CTPYMEHS 3MEHIIYETHCS, TPUIOMY

3MiHA BEJMYMHU HAMoOpy Mpu 30LTBIIECHHI ¢ Maibke HE BIUIMBAE HA BHCOTY

CTPYMEHS; IPU 3MEHILIECHI ¢ lirré% = H , TOOTO BUCOTa CTPYMEHSI IPSIMYE J10
P> + ¢ .

H.
3aBaanns. JluHamiuHa CaMOIHAYKIliS AaHTEHH TMPU TOCTIHHOMY

MO/TIOB)KEHHI XBUJI HA OJIMHUIIIO IOBKUHU BUPAKAETHCS (POPMYIIOF0

tg(rl/ A . . .
L:LO&, Je L — JuHaM14yHa CaMOIHAYKL1sg; L, — CTaTH4Ha
2rl/ A
CaMOIHAYKIliS; [ — filoya JOBXWHA aHTCHU, A — JOBXKHMHA XBWI aHTCHHU.

3naiTu lim L.
A—0
[TepepopmymroiiTe yMOBY 3aBlaHHSI MaTEMAaTHYHOK) MOBOKO. 3HaWITh

TPaHUIIIO MOCIIIIOBHOCTI lim L U AUAEED)

o 3a ronomoroxo I1I13.
» " 2.l A

Biamosins: %imL =L, 2.
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7 IPUKIIA/TH PO3B’A3AHHA THIIOBOI' O PO3PAXYHKY

I. lim

X—0

(3x5 +2x°+1 22 j {Maeﬂw Heeus'Haquicmb}

x+1 {0 — o0}

3Be/IeMO BHpa3M J0 CHILHOTO 3HAMEHHHKA

5 3 w41 3,1 2.2
lim(3x +2x +1_3x2x+j:hm}/x/(+2x +1-345 -3 _

X3+1 X—® x3+1

X—>0

=1lim

2x> —=3x2 +1 | llodinumo yucenvrux i
ey 4]

SHAMEHHUK HA X3

0 0
\ \
2 3% 1 2—(3j +(13J

—— ——t+— X X
/ i i .
=lim =2.

i
o £+L o 1
/‘/ X 1+( J/

N

X +x2-9x-9

x* +3x

x—>-3

j Ilpu niocmanosyi x = -3

2. lim( {0}
ompumaemo 6

POSKJ’IaI[eMO YHCEIBLHUK 1 3HAMECHHUK Ha MHOXKHHUKW.

i (x4 -9(x+1) _ . (x+1)(x=3) (+3)
>3 x(x+3) x—>-3 x (33)

3. lim

x—0

a-p

X-sin X
2

(cos 2x—cos9x

Ckopucmaemocs ¢popmynoro
tg”2x j

a+pf
2

Ccosax —cos ffx =—2sin

Tx 11x Tx

2x+9x . 2x-9x .11 . . )
-SIin =-2sin—x-sin| —— |=2sin—-sin—
2 2 2 2

2

cos2x—cos9x =-2sin
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; 11x B 11x
2 2
ZSin&-sinB 2&77)6 M
) 2 ) . Tx Tx ) 2 2 2 77
lim > sin— ~— :=Ilim = =1lim =_
x>0 tg°2x 2 2 x>0 (2x) =0 4 /\/ 8
tg’x ~2x

Iliocmasumo 1

. 17 —x—4 | 3amicmb 3MiHHOIL Yy 6Upas, 0
4. lim———— =

- xT =1 wo micmumocs nio snaxkom| 0

epanuyi

I[OMHO)KI/IMO YHUCEILHUK 1 3HAMEHHUK BHUpa3y, HI0 MICTHTBLCS Hi,Z[ 3HaKOM

TpaHMIll Ha 17-x+4. B3HaAMEHHUK BHpa3y po3KiIageMo 3a (popmyIoro
b

a'~b’ =(a—b)-(a’ +ab+b’) OTpuMaemo:

- (\/17—x—4)(\/17—x+4) e 17— x_16 )

e (x—l)(x2 +x+l)(m+4) ¥l (x—l)(x2 +X+1)(m+4)
_M 1

HlM-(x2+x+1)-(\/l77—x+4) 24

3. 1irr21(9—4x)7ﬁ{1°°}. HeBusHaueHICTh PO3KPUBAEMO 3a MPABUIOM JPYroi
X—>

n—o n n—0

n 1
Yy I0BOi IPaHUIIL. lim(I +lj =e a00 lim(1+n)" =e

3pobuMo 3aminy * 5 SKIO x —> 2, mot—>0
+

) 42 ) t+2 | JIOMHOMCUMO YUCENIbHUK | 3HAMEHHUK
11m(9—4(t+2))’+2‘2 :hm(l—4t) ‘ A =
=0 10 noxkaszHuka Ha —4

. 24 fim(—4)(e42
= hm(l - 4t) —4r = e’%( K2) e?

t—0
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arcsinSx ~ 5x

. arcsinSx )

6. lim—— e —1~3x =lim=—==

-0 7 —] ] ) . x=>03x 3
3acmocyeanu mabauyo ekeigarenmuocmi QyHKyiu

. (6x=5Y" - . . .
7. lim :{1 } 3aCTOCYEMO MPABUJIO JIPYToi 4yA0BOI IPAHHMIII

6
6r-5\" sl Ele] s
lim =lim|1-— =" 6x =¢ 6
x>0  Hx X—>00 6x
8. lim (x+2)[Inx—In(7+9x)] , {oo— o0}
s . MaeMo HEBU3HAYEHICTD TUILY

CkopucTaeMocs BIaCTUBOCTSIMU JIOTapH(PMIB:

p log, x=log, xp
log, x—log, y=log, ad
y

x+2 x+2 1 0 1 0
= lim In| —~ —In lim | — —In— =In|=]| =lnw=w
s>io |\ Ox+7 s> Ox 47 9 9

ITiocmasumo 0 3amicme

%
0. lim5

1
0 [y | 3minnoi {%}

3acTocyeMo TaOIHIIIO €KBIBAJICHTHUX (QYHKITIH

{5& —1~xIn 5} OMPUMAEMO lirrg@ =1In5
X! X

A

10. lim(\/x+11—m)

X—>0

OTprMaeMo HEBU3HAUCHICTD {oo—oo} . JIOMHOXXHMO 1 HOALITNMO Ha CHPSDKEHUI

BHpa3 10 BUPA3y, 10 3HAXOAUTHCS M1 3HaKoM rpaHuii. To0To Ha

Vx+11++4x-1

Jx+11+/x-1
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Jx+11=Jx—1)(Vx+11+/x -1
lim =
X% (Vr+1T+x-1)

Y uncenbHUKY 3acTocyeMo Gopmyny (a—b)(a+b)=a’ b’

g XL (x - 1) _ /+11/+1 i 12 12_O
e x+11+4x—-1 = \/x+ll+\/ o x+11++x 0
I1. lim ; [TinkopeHeBuii BUpa3 y 3HAMEHHUKY x° +13 ~ x° npu x — oo

OTpumMaeMoO rpaHULIIO limx—Jr7 — lim*F 7 1.

X—>0 5[x5 D 3

sin(x—1)
x—1

12. lim

-l e

Jai .o x—1=t¢
aM1Ha 11 3pYYHOCT1
& Py -1, t—>0

. sint |sint~¢ )
lim - :hméz
-0 o' —1 e’—1~t z—>0/

13. 3HaiiTu rpaHuil GyHKIINA, HE KOPUCTYIOUHCH paBuiioM Jlomitans.

. Otpumaemo:

3
1
1) lim—— =
)x—>°02x3+1

Po3ainumo yncenbHUK 1 3HAMEHHUK HAa X B MAKCUMaJIbHOMY CTEIEeH1, TOOTO

3
Ha X
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[lincraBuMo y MiArpaHUYHUAN BHpa3 3aMICTh apryMeHTa YHWCIO, JO SIKOTO

. 0
npsMye aprymeHT. OTpuMaeMoO HEBH3HAYEHICTh BUIJISALY {6 . JIOMHOXXHMO

YHCENbHUK 1 3HAMEHHUK LIbOTO Apo0y Ha BUpa3, CIPSHKEHUH 10 YNCEIbHUKA.

(V2+x+3)(V2+x-3) Y tx_0

= lim

7 (x—7)(v57T;+3) _Egg(x—7)(d24mx+3)

x—=7

1
= lim =lim-— =
*”(x—7ﬂJ2+x+3) =12+ x+3

CnpoOyemMo 3HOBY ITICTAaBUTH 3HAYEHHS X = 7 y BHpa3, 10 MICTUTHCS ITi]T

3HaKoM rpanulll. OTpuMaemo:

1
6

1
24743

15) lim arcsin(3x) B

x—0 Sx
CxkopucraeMocs 0OJiHI€0 3 (OpM 3aNUCIB MEPIIOI YyI0BOI TPaHULII

m arcsin (x) _1
x—0 X

Jliist Toro, mo0 apryMeHT (pyHKIII1 1 3HAMEHHUK OYyJIM OJIHAKOBI, JOMHOXUMO
YUCEJbHUK 1 3HAMEHHUK BHpa3y, 110 MICTUTHCS I11 3HAKOM I'PaHULl, Ha 3:

3arcsin (3x) _ ilim arcsin (3x) _3

= lim

x>0 5.3. x 5 x>0 3. x 5
16)1hn(2x_1j
ool 2x+1

3HaAKWIEMO TPAHUIIIO, 10 SIKOI MPSIMy€ OCHOBA CTEIECHS.

. 2x—1 . )
111’1’1(2 1 = (pO3,Z[1JII/IMO YUCCJIbHUK 1 3HAMCHHHUK Ha X B MAKCHMAJIbHOMY
X—>00 x+
1
-7
cTeneHi, To0to Ha x ) =lim—=% _5:1' 3HaiiIeMO TpaHUIo, 0 SKOi

X—>00

2+

l_
X

HAOJIMKAETHCI MOKA3HUK CTENEH: lim x = oo,

X—>0
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OCKUIBKH OCHOBa IIOKa3HUKA CTCICHS HAONMKAEThCS 0 1, a IOKa3HUK

CTETeHs] HAaOMMIKAETBCS JI0 HECKIHYEHHOCTI, TO NpH OOYMCICHHI i€l

X—>0 X

I'pa”ulll 3aCTOCYEMO IIPABMIIO APYTOl Yy JOBOI I'PaHUIIL: hm(l +—j =e

2x+1 \2x41 lim 2

) ) -2\ = Jim 2% oy 1
=lim (1+ =lim| e>* | =lime¥>" =2 =¢ ¥ =g

2x+1 X—>0 x—0
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8 3AB/IAHHA /IV/IA THIIOBUX PO3PAXYHKIB

Bapianr 1

3[.3 2 2 AL _ o5 _
lim YOy ¥ 2078 gy cos T 12N im(3 - 2oy limE L
e 6x+8 x2 X —4x 0 3sin“x 0 =0 tg4x

ln(”gx) ;lim x{In(6x +5) ~ In x]; 11m(6x+1 > lim(Vx+1-vx=5).

x—>0

BapianT 2

6 4 2 _
lim3x +56x +4;limx 3-l-2x 23 hm(\/x+2 N 6): 1 cos9x — 1,
x—>® X x>-3 x7 +3x & 5sin? x

J1+3x% =1 2x

lim : lim (5~ 4x)"2; lim @; lim[In(7x + 6)— In x];

x—0 xz + x3 x—2 3x —
lim arZCtg?ax : lim (8x + 1)3,6.
x>0 =¥ —] ~xow 8y
BapianT 3
4~ 3 / 2
1im7x 42x +2;limx +§x +7x I (\/x YN 73): 1 1+8x 1;
oo x" 43 =l xT =X o 2x% +x°
3x sin4x __ —

tima—SOS2%. Jim (5~ 2)7; lim 1 lim[In(Sx+ 7) - In x]; lim 0.
x>0]— COSQ,_X x%Z tg3x x—>0 R U e |

5x-3
1 S
X~>OO( 5x )
BapianT 4

Vaxt+6x* =5 . x*+6x+8 V2x-1-+/5

)lcl_r}}o e R— ,£1_r>1} g lmx[lnx In(2x+9)]; 112} 3 ;
3_

liml cos3x (6x 5)x1 l arsctg?ax,. 6°—-1 .. 2x-— 5) :

x>0 arcsin 2x et —1  xo0 ln(1+3x) x>0 Qx4+ 1

lim(+/x* +3 —\/x2 ~7).

X—>0
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BapianTt 5

3 2 3 2 / _
lim 2x3+x S;Iimx2+2x X hm(\/x +8 — \/x -3); 11 M;
o0 x? 4 x—2 ool xT=3x—-4 xow X
— cos? 63

lim $25X = €08 X yim (4x = 7)*2; lim w lim x{In(x +8) ~ In(x —1)];
x—0 X x—2 x—0 e2
i 3 -1  lim 3x— 6)1 x.
=0 In(1+6x) x>= 3x+1
BapianT 6

3x34+2x3+1 . x?-2x-15 . es™*—-1 . S5x —x
lim lim

S C3x2 12 3 2x2 — 7 x =15 o0 In(l—2x) >3 x—5

lim 1- \/1+x ) S

x—0 tg3x x—>5

hm llm(\/x +4x+2 —Xx).

x—0 Sln 2x xX—0

[In(x+2)—Inx];

Bapiant 7
4 2
lim 1+4)2C al limxz{_—x2 hm(\/x+3 Jx— 9); hm\/l+3x \él 2x;
x>0 x +3x7 +2x* o2 x? —x =6 1 X+x
. . sin5x
ljm SLX T SINOX Szm(x 3) im _1;liril(x—4)[ln(2—x)—ln(5—x)];

=0 qretg2x o3 xP —4x+3 0 fgx

x2+2

lim (5 - 43y im (——);
241
BapianT 8
. 3xr+2 3x2—x-2 ) x—3
| —3x); lim —1 —Jx?+5x-3); 1 ;
xl—l;];lo( x—1 ) —)1 3_x —4x+1 xl—l;l;lo(x X X ) xlg?ls,/:;x_x
COS X —sinx 2] e —
xl—r>%3tg—2x x_)0(1+4x) }Cll')l’(} sz 11m(3x 2)[In(2x—-1)—In(2x+1)];

4*—1 .. 2x+3
lim ; lim(
0 ginx  x* 2x+1

)1 x;
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Bapiant 9

lim

Y8x® —2x" +3 .

x*+ x—

"iow 2x7 +3x -4

x—>3

\/x+ -2
-9

lim ln(.l + 8x)
x>0 sin3x

BapianTt 10

lim

ling(l +9x%) 3

x—5

; lim
x>0 x 4]

2x3+6x2—3'1.

3 > LM —
cxow S5x° —3x+4 x4 x4+ x-20

Tio-32x? — x +

2x+1

)%

2x* —9x+4

; Im————

x—0 tg \/_

dim(x? +7 —/x2 ~8);1im

3x)

;lim (x —/x? +5x + 4 )11m$;

xX—> ® -0 tg X

2x

hm(x +2)[In(2x+3)—In(2x —4)];

V2x+7-5

2 b
x° —9x

m (3 x)[In(1-x) - In(2 - x)J;

2
(\/x2+9x+5—x) lim 2x

x>0 cos2x —cos3x

lim Sl lim x[ln (x—3)- ln(2x+5)]

o1 2 In(1

llm—coij m (4 - x)*3;lim —n(

=0 arcsin” x 3 50 tg4x
sian_

limg;l )’

x>0 X X—>© 3x_

BapianT 11

. AP +1 X +x-12 .

lim im—————- lim

e 2x+1 o4 x" +2x -8 x>0

1+ 2x —1-3x e

lim li

x—0 X+X x—0 tg%/;

lim(S - 2x)x%2

x—2

Bapianr 12

lim —
=2 6x” +3x—4

1.\/_1

x—3 x —3x

- In(1+9x)
0 gretg3x

3x? —5x+1

o x*=3x+2
llmz—
-2 2x° —5x+3

lim (3 + 2x)%

x——1

x—0 4x xX—>+00

lim(x—M) Jip 083X —COs X

xX—>0 x—0 Sin2 X

sin 3x

lim (x+1) [lnl 2x)—In(5- x)]

x—0 2% ] x—>— oo
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BapianT 13

3/.2
limx+\/x_ limKL_ sz lim( /x2+11—x) liml cos 6x

X—>0 2X+5 =i\ l—-x 1—-x X0 x—0 l‘g22x
_ 2x 3
lim —~ lim > Jx lim (3+x)=2 Jim 2SN 4
x—0 6X — 1 x—9 X — 9 x—>-2 x—0 ln (1 — 7x)
x+6)"
Iim x| In(3x+1)=In(3x—-1 li
tma{ner)-n-] (3
BapianT 14
. 3x*+8x-2 . X*=5x+6 ) . NA+x—+4—x
e v I e R L SCAT LR k) B L
lim L~ €08 % lim (x+4)s-3 lim>——!
x—0 arcsin” x x—>-3 x—0 5x
lim (x+2)[In(2-3x)-In(4-x)]

In(1+2 —2\*
fjm U+ 22) lim[x 2)
x—0 egx_l x>0\ x —
BapianTt 15
. 4x°=3x*+8 22X =2x" +x—1 l—cosx
lim—— li —x+11 li
= 2x° +2x-1 e x -1 vgll(\/; o ) xlilgxsin2x
_ Nex—x . bx oo
£1_r)12 e 1{}2}(3)6—2))6—1 £1_r)13 - Xlirg(x+3)[lnx—ln(2x—4)]

tg(x-2 e
limw lim[x+8j
| x>0\ x4+ 3
BapianT 16

4_ 2 3_ 2 _ _

lim3x4 Tx"+4 llmx x2+3x 3 hm(m_m) llml CZOS8X
xon 3x" +5x—2 ¥l X —x x> =0 fg”3x
- 2-Jx 2 .8 -1 .
&151} e 1)(1{)111(2x—1)x O )}gm XILIEO(2—x)[ln(l—x)—ln(6—x)]
; arcsin\/; ) [x—4j3)C
llm[— lim
x—0 e x _1 X—w x_9
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Bapiant 17

) x+2
lim

. JE—VX—2
lim————

=4 xP—16

lim 5
x>-l X +x

. X
Sll’l2 —

x>0 ]—cos3x

X +xt+x+1

lim(\/x2 +12 —x)

X—>0

6x

lim (2x—3)-2

x—2

. l—cos8x
11m2—
x>0 tg 3x

lim x[ln(3x+5) —lnx]

X—>+00

2x

lim In(1+3x) lim( x-3 )

=0 fgdx e x+7
BapianT 18

3 4.2 3 2 Nz
Hme : 4x"+11 m> J;4x +4x lim(x—\/m> lim\/3+x N3-x
xo0 DX 4+2x-5 =2 x4+ x—-2 x>0 x>0 5x
_ Sx _
lim 108 2% lim (2—x) Jim 1= 9%)
*=0 arcsin 2x x>-2 =0 fg3x
. __sin(x—1) _(x=2)"

lim (3—x)|{In(1-x)-In(5—x lim lim

xa—oo( )[ ( ) ( )] x—l e’F] -1 X—® x_6j
BapianT 19

2 3 2

lim 2x"-3x-5 lim 2x +2)2c +3x+3 lim(m—\/;) limcos4x 1
X—>00 [x4 +1 x——1 x =1 X—0 -0 ytan2x
lim\/z_x_x im aresin 4x 1m7, -1 lim x[ln(x+6)—ln(x—1)]

=7 x"=Tx 0 In(1+9x) *->0 sin 3x Xt

2y _ 3x

lim (3 - 2x)i lim(zx - j

x—1 X—>0 2x -5
Bapiant 20

[ 24,3 3 2
. 1 ) 2x“—4x— . 1=
lim x2+ +\/;; lim & +2x x—8. lim (Vx+1—-+/x=7); lim %;
X—© 5x“4+3x—-1 x—>2  x“+x-6 X—>00 x—0 sin“ 3x
) 2x+1

2x 3
mei_l; lim\/;ll; lim (1+3x) * ;
x—>0 XIg¥ x>l x—0

lim x[In(4x+3)—Inx];
X—>00

9sin X _q
x>0 In(l-x)
lim (OXF2)2x

x—00 dx—6
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Bapiant 21

2 3.2
: —x*—5x— . 1
lim (5x— 2P, fim T T (emvx2415);  lim S8 7L

X—>00 47 x5l x24x X—>00 x—0 XIgx
6x rar vl sinx
im S fim O g 8 T (D2 - x)— In(—4x)];
xooaresin2x’ y 52 32 4 " x50 In(43%) " x50
x+l1
1 . 4 1-
lim (4-3x)*~1; lim (3)6;)1 X
x—1 x—00 3X=5
BapianT 22

3 ,.2 3 2 4 o
lim 8x~ —4x +3_ lim X +2x“—4x 8,_ lim (m_\/;); lim cos3x sm3x'_

X—>0 2x3+3x2—1’ x—>-2 x2+4x+4 X—>0 x—0 sin2x

— o
lim ‘;_x_l S lim (7=39%2;  1im 2D in@—5x) - In2—x)];
x—3 x“-3x  x—>2 x—0 10¥-1 x—>—oo
lim arctg4x; lim (2x+3)2_x.
x—0 e8x—1 X—0 2x-7
BapianT 23

_ 4 3 .2 .2

lim 20Ty YO W22 —yx213);  dim 2O

x50 \[4:81352 D o3 x| xow x—0 e3x2 1 '

x+1

JT—6x-1 . I- =
lim 726"1 . lim ‘:20”; lim (1+5x) X ;  lim x{In(5+2x)—Inx];
x—=>1 x“-1 x—0 1g“3x x—0 X—>00

-1 . x3 +x2 —9x+9

—2x);  lim S im Wx2411-vx2-2); lim
x—o0 2+3x x—>-3 x“+2x-3 X—>0 x—0 3x

5 2x
V9+4x“ -3 . 1g5x

; lim 5-4x)*"1; lim 5
—5x x—1 x—0 e 1

COS X—CO0S 5x
—2 ;

’

45



. . sinx_; X=3 .0y
lim (2-3x)[Inl-x)-In(2-3x)]; lim ——; m (—)~".
X—>—%0 x—0In(+2x) " x50 X+5
Bapianr 25
2 3 .
: AT . 2 2
lim (x-2);  lim x23x2; lim (\/m-x); lim SLAXFCOSX,
X—0 2y © x52 x*—4 x> x—0  1g3x
\/— 2 1gx
. -3 T ‘ ]
tim 25 i 6o 1, fim (e 2)fn(- 30 -@-x)]; lim S,
x—0 6% x—1 X—>—00 x—>( arcsin 4x

lim (77\2%

x—00 X

Bapianr 26

310 4 6 3.2 .
lim Mi lim w; lim (x—\/x2—3x+4); lim _arosinZx

X—>0 2x2+5x—4 x——1 x2+x X—>00 x—>(0 €0S 3x—C0s X

J10-x-3 = $x013:8
lim ", 1lim (7-3x)*"2; lim " lim (x-3)[lnx—In(5x+8)];

4x

x—1 2x-2 x—2 x—=>0 e -1 X—>+0

1gx

g7 -1 x=2 x-1

(G R

1m ;
x—>0In(1-5x) " x50 X+6
BapianT 27

243 3 2 2
lim 2307 4+4x" 1imL9x+9; lim (Vx —/x+16); th.

X—>00 1+3x2 +5)c3 , x—1 x2 -1 X—>0 x—0 x2 +4_2'
3 sin 5x
. l-cos5 o -
lim C;’S Yo dim G420 lim &L lim afin(x—5)—InQx+1)];
x>0 1g74x  x—o>-1 x—0 In(1+3x) * x40
i o 2x-3._
lim arcsmx; lim ( X 3) X
x—0 8%  x—o0 2x+4
BapianT 28
4,2 3.2 —
lim 7"4+3x24; lim x2+3x4; lim (Vx4 —<x—1); lim Y072,
X—05x 3x“+6 x—>—-2 x“+4x+4 x> x—=2 x“-4
e %z
. 6x-1 . t
im 2770 fim 94402 lim YYEYY S fim (1= 0[In2 = 5x) - In(2 = X)];
x—2 XSmx - x_5-9 x—0 e\/;—l X—>—00
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sin x
im 7 1 m (4x 1)x+2
y—0In(1-4x) " 500 4x+5
Bapiant 29
3x2—4 . x3—3x—2 i In(1+2x)
lim ( —x); lim T lim (vVx+5—-4x-9); lim ———=;
x—o0 1+3x X2 x“4+2x x> x—>0 |
2x
— . 2 1
lim M; lim — 787 i (7—6x) ¥, lim afIn(x+3)—In(4x—1)];
x>l x2] x—(0Cosx—Cosdx  y_;] X—>0
lim ln(1+2x),_ lim (3x—2)_x.
x—0 88| = x—o0 3x+5
Bapiant 30
Vaxe+3x7 =1 . 3x*—4x+1 3x
lim :lim lim (vx + 8 = /x); lim
xowe 5y _2x+3 Txol x?—3x+2 x> ( ) 0\/5+x—\/5 X
. l-cosx8 .. sin(x-2) .. =
lim ;lim — ;Iim(5 —x)**; lim (x —4)[In(2-3x) - In(5-3x)];
x—=0 2arcl‘gx =2 x° — x —2 x4 X—> -0
2 —_ 2
fim A+ 0X) o (X =340
x>0 el I e |
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9 34BJAHHA JT/II CAMOCTIHHOI POBOTH

. 1 . 1
2. lim arctg— 8. lim arccos—
x—0£0 X ;:I_Jrl(l 0 X
2x
4. lim e~ 10. li{rn arctg (tgx)
x—>—1+0 X%Eio
. In (ax) 1
6. 11{)110— 12. lim arctg—
x>0+ X X040 2
a>1 In (j X
a

14. lim arcsin (ex )
x—0-0
X—>—00

Jlooamkoei 3ae0annsn nioeuuieHoi cKnaoHocmi

a) limy, e Y=y <3\/ 1+ - 1)» cKopuctatich opmyioo Ti_y k = 2

. . ka
0) lim,_ Xi}= Sin (;), a — const;

k

B) limy oo oy (@2 = 1), @> 1)

: / 1
r) lim,_,x cos— .

18) IloOynyBatu rpadiku QyHKIII:

a) y =lim,,, V1+x® (x> 0);

n n
6) y = limy \/1 +am+(2) =0y

B) ¥ = (cos (x))*™.
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10 OCHOBHI ITI/IKA3KHU JUUTA CTY/IEHTIB

G G 1

Tabauus ekBiBajJeHTHUX PyHKIIH

sina(x) ~ a(x)

2 b*™ —1~a(x)Inb
1 —cosa(x) ~@ ey —1~a§x;
tg a(x) ~ a(x) log, (1+a(x)) ~a(x)log, e
arctg a(x) ~ a(x) In(1+ a(x)) ~ a(x)
arcsin a(x) ~ ar(x) (1+a(x)) —1~b-a(x)

AJITOPUTM PO3KPHUTTH HAHNPOCTININX HEBU3HAYEHOCTEil
00 : : : .
1. — ¢, X—>00, YaCcTKa MHOTOYJIEHIB a0o0 IppallioHaJbHUX BHUpaA3IB —
0.0]

HEOOX1/THO 1 YUCEJIbHUK, 1 3HAMEHHHK MOUIUTH HA X y CTapIIOMYy CTETEHI.

0 ) ) ) :
2. {— , X —>X,, 4aCTKa MHOTOWIEHIB => HEOOXIJHO 1 B YHCEIbHHUKY, 1 B

3HAMCHHUKY BI/I,ZIiJII/ITI/I MHOXHHK X — X,, BAKOPHUCTAaBIIIN (bOpMYJ'II/I CKOpPOYCHOTO

MHOEHHS 200 IIJICHHSAM 1 YNCEJIbHUKA, 1 3HAMEHHUKA HA X — X, .

3 {0} X v -B(x) P (x) J -P ()

abo ———*— abo ——~= abo

0,(x) J -0, (x) J -0,(x)
L Bk

0 ———= a0 ———= = HeOoOXiAHO 1 B YHCEJbHHUKY, 1 B
0.() T T

3HaMEHHMKY BUAUIUTHM MHOXHHMK X —X,, JUISl LBOr0 MHOTPIOHO MO30yTHCH

KOPEH1B, TOMHOKMBILHY Ta NOJUIMBILIN HA COPSLDKEHUI BUPA3.
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0

4. {6}, X—X,, € TPUrOHOMETPUYHI, IOKA3HUKOBI, Jiorapu(miyHi,

oOepHEeHI TPUTOHOMETPUYHI (YHKIII => HEOOXITHO 1 B YHCEIbHUKY, 1 B
3HAMEHHUKY  BHUJUIMTM  MHOXHMK X —X,, BHKOPHUCTAaBIIM  TaOJIULIIO

eKBIBAJICHTHUX (DYHKITIH.

5. {lw}, X— X, => HEOOXIIHO BHUKOPUCTATU JAPYry BaXKJIMBY TIPAHUILIO

1
lim(l + a(x))?‘) =e (me a(x) — HECKIHUEHHO Majia (pyHKIISA IpU X —> X,) .

X*}Xﬂ
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11 TECTH JlVIA IIEPEBIPKH 3HAHb

1. HacrynHe o3HauYeHHA
yucno b nasueaemocs zpanuyeio Gynxyii | (x) y mouyi x=a (abo npu
X —a), aKkuo 0ns 6y0b-aKoi 30iK#CHOI 00 a NOCTIO0BHOCMI 3HAYEHb APSYMEHMY
X, GIOMIHHUX 610 A, 8IONOBIOHA NOCAI008HICMb 3HAYEHb YHKYIL 30ieaembesi 00
yucna b

Vix }, x, #a,limx, =a = lim f(x, )=b

n—>0 n—>0

€ O3HAUCHHSAM TpaHMIl QYHKITIT:
a) no [ etine;

0) no Kowi,

8) no Abenro;

2) ceomempudHe O3HAYEHHA ZPaHuL;i.

lim f(x)=4,,

2. 3anuc %0 BU3HAYAE:!

a) epanuyio yukyii f(x) y mouyi x,,

0) npasoCmMopoHHIO 2parHuyo PYHKYIL f(x);
8) 1IBOCMOPOHHIO epanuyto QyHKYii f(x);

2) iHWa 81acHa 8ionoesiov.

3. SIKII0 MOCHIAOBHICTh x, MAa€ TPAHULIIO, TO 1i HA3UBAIOTh:

a) obmediceHoIo;
0)3pocmarouoio;
8)301diCHO10;

2) po36idicHoI0.
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1 1

1
4. HactymHEM OGYHCIICHHSIM xl_i)rll}o e l=el0-1=¢0=
BHU3HAYCHO
a) 3HauenHs pyHxyii 6 mouyi x=1;
0) NpasoCmMopoHHIo epanuyio PyHkyii 6 mouyi x=1;

8) LIBOCMOPOHHIO epanuyto GyHKyii 6 mouyi x=1;

2) iHWa 81acHa 8ionoesiov.

S. SIkmo npu x —a BUKOHYETBCS PIBHICTB: lim f(x) =0.
X—>a

OyHKIA f(x) HA3UBAETHCS:
@) HECKIHYEHHO BENUKOIO;
0) HY1b0BOIO,

8) HeCKIHUeHHO MAJl0I0;

2) HEBU3HAYEHOIO.

lim $10Y) _
6. Bupaz % X Ha3UBACTHCH:

@) nepuioro 4yo080i0 PanUyero;
0) Opy2oro 4y006010 epanuyero;
8) O3HAKOIO NOPIGHAHHS CPAHUYD,

2) YMOBHOI 0OUHUYEIO.

lim(1+ l)" =e
7. Bupaz 7~ ¥ HA3UBAETHCS

a) eKcYeHmpucumemom;
0) Opy2oto 4y0068010 epanuyero;
8) npasuiom nepexooy;

2) BU3HAYUMU HE MOINCIUBO.
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lim X +x+1
2
8. O6uuciautu *>' x +3

3 1

@) 46)l:6 7:20.

3
. 1
9. OGYHCIUTH IPAHUIIO lim > — +2x+9 0
oo X2

a)l; 6)-3; 8) », 2) 0.

10. BkaxiTh NpaBUJIbHY €KBIBAJECHTHICTh MPHU X —> 00
a) P, X"+t DX+ Py~ PpX"s
6) PpX" +ot px+p,~0;
6) X"+ A px+p,~17

Z) PuX" +ot X+ Py~ D,-

11. BkaxiTh NpaBUJIbHY €KBIBAJECHTHICTh MPHU X —> 00

Ox® —5x> -7 ~9x;

a)

Ox® —5x*=7~9;

Ox’ —5x*=7~0;
6)

Ox’ —5x°—7~-7.
2)

lim( )
12. O0ynciutu =\ x +2

a) ¢?; 6) 4 B)%; re.
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TJTOCAPIH

Apeymenm — Independent argument, Predictor; Argument
I'panuys — Limit

I'panuys nocrioosnocmi — Limit of sequence,

I'panuysa ¢ynxyii — Limit of function, Two-sided limit of function
I panuys ¢ynxyii cnpasa — Limit from above, Right-handed limit
I'panuys ¢ynxyii 3nisa — Limit from below, Left-handed limit

Jlpoboso-payionanvna ¢yuxyis — Rational function, Fractional rational
function, Quotient of polynomials

Exsisanenmmni necxinuenno mani — Equivalent infinitesimal
Exsisanenmmni necxinuenno mani ¢pynxyii — Equivalent functions
Hesusnauenicmo — Ambiguity, Uncertainty

Heckinuennicms — Infinity

Heckinuenno senuxa ¢pynxyin 6 mouyi — Infinite function at point
Heckinuenno mani exeisanenmui — Equivalent infinitesimal,
Heckinuenno mana ¢ynxyis ¢ mouyi — Infinitesimal function at point
Oxin mouku — Neighborhood of point

Ilocnioosnicms — Sequence

Tlocnioosnicms 36ixcna — Convergent sequence

Ilocnioosnicms po3zbiscua — Divergent sequence

@ynukyia — Function

Odynkiis oomexxena — Limited Function
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